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Abstract
It has been recently shown that in order to have Dirac eigenvalues as ob-
servables of Euclidean supergravity, certain constraints should be imposed on
the covariant phase space as well as on Dirac eigenspinors. We investigate
the relationships among the constraints in the first set and argue that these
relationships are not linear. We also derive a set of equations that should be
satisfied by some arbitrary functions that enter as coefficients in the equation
expressing the linear dependency of the constraints in order that the second
set of constraints be linearly independent.
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1
It has been recently shown that Dirac eigenvalues can be used as observables of D=4 Eu-
clidean gravity on compact spacetime without boundary1,2. This result is based on previous
works done in the framework of the noncommutative geometry as an underlying structure
of gravity beyond the Planck scale3. To extend this idea to supergravity, it is necessary
to impose some constraints, called primaries, on the set of Dirac eigenspinors5. These con-
straints allow us to interpret Dirac eigenvalues as local observables of N=1 D=4 Euclidean
supergravity. To promote them to global observables, one has to impose the compatibility
of the geometrical structure of the spacetime with the two sets of constraints. That results
in severe restrictions on spacetime manifolds that admit this type of global observables5.
However, we should note that this discussion is related to the problem of realizing the Dirac
operator in curved space. At present, no satisfactory answer to this problem is known, even
though there are many studies on the dirac operator that rely on different coordinates in
spacetime. It is not our purpose to solve this problem here which is clearly a nontrivial one.
The aim of this letter is to discuss the relationships among the primaries as well as the
secondaries. The basic motivation for this relies on the fact that all of the previous analysis
of this system is done at the classical level, while the main reason for introducing this kind
of description of Euclidean supergravity aims at giving insights in the quantum theory.This
amounts to applying one of the quantization methods based on the BRST symmetry, like BV-
BRST or BFV-BRST, which are the most powerful methods for quantizing the constrained
systems6. However, as was noticed previously and as will result from the present discussion,
this is a difficult task. Therefore, in this paper we limit our analysis to the first essential step
of the quantization of the system, namely to the discussion of the nontrivial relationships
among the constraints.
Let us consider N=1 D=4 Euclidean supergravity on a compact (spin) manifold without
boundary. The on-shell supergraviton is given by the vierbein fields eaµ(x), where µ = 1, 2, 3, 4
and the gravitino fields ψαµ where α is an index for an SO(4) spinor that satisfies ψ¯ = ψ
TC7.
This is our ’Majorana’ spinor in the case of Euclidean supergravity used because SO(4) does
not admit an usual Majorana representation. We can also work with symplectic spinors8.
The gauge group is given by four dimensional diffeomorphisms, local SO(4) rotations and
N=1 local supersymmetry and its action on the supergraviton is given by
δeaµ = ξ
ν∂νe
a
µ + θ
abebµ +
1
2
ǫ¯γaψµ (1)
δψαµ = ξ
ν∂νψ
α
µ + θ
ab(σab)
α
βψ
β
µ +Dµǫα (2)
where ξ = ξν∂ν is an infinitesimal vector field on M , θab = −θba parametrize an infinitesimal
rotation and ǫ is an infinitesimal Majorana spinor field. Here Dµ is the nonminimal covariant
derivative acting on spinors, associated to the usual minimal one. The covariant phase space
is defined to be the space of the solutions of the equations of motion modulo the gauge
transformations. Then the observables of the theory are functions on the phase space.
In the presence of local supersymmetry, the Dirac operator is given by
D = iγaeµa(∂µ +
1
2
ωµbc(e, ψ)σ
bc), (3)
where σbc = 1
4
[γa, γb], γa’s form a representation of Clifford algebra {γa, γb} = 2δab and
ωµbc(e, ψ) are the components of spin connection in the presence of local supersymmetry.
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The Dirac operator is a first order elliptic operator on M . Thus, since M is compact, D has
a discrete spectrum
Dχn = λnχn, (4)
where n = 0, 1, 2, . . .. The eigenvalues λn’s are functions on the space of all supermultiplets
(e, ψ). In order to be interpreted as observables, they must also be gauge invariant. The
invariance of λn’s under diffeomorphisms, local SO(4) rotations and local supersymmetry, is
expressed by the following set of equations4
T nµa ∂νeaµ − Γnµα ∂νψαµ = 0, (5)
T nµa ebµ + Γnµσabψµ = 0, (6)
T nµa ǫ¯γaψµ + ΓnµDµǫ = 0, (7)
where
T nµ = 〈χn|(
δ
δeaµ
D)|χn〉 , Γnµα = 〈χn|(
δ
δψαµ
D)|χn〉, (8)
are the functional derivatives of the Dirac operator with respect to the graviton and gravitino,
respectively. The scalar product is naturally defined in the spinor bundle on M
< ψ, χ >=
∫ √
gψ∗χ. (9)
Consistency requires that the following constraints be imposed on the set of Dirac
eigenspinors4
{[bµ(ξ)− c(λξ)µ]∂µ + f(ξ)}χn = 0, (10)
[θaaD − g(θ) + h(θ)]χn = 0. (11)
[jµa (ǫ)∂µ + ka(ǫ) + la]χ
n = 0 (12)
where the following shorthand notations have been employed
bµ(ξ) = iγabµa(ξ) , b
µ
a(ξ) = ξ
ν∂νe
µ
a − eνa∂νξµ − 2eνaξµωνbcσbc
c(λ, ξ)µ = (λn −D)ξµ , f(ξ) = iγaξν∂ν(eµaωµbc)σbc
c(λ, ξ)µ = (λn −D)ξµ , g(θ) = [γceµc ([θσ, ωµab]− ∂µθσMab)]σab
h(θ) = i(λn −D)θσ , jµa (ǫ) =
1
2
γaǫ¯ψ
µ , ka(ǫ) =
1
2
γaǫ¯ψ
µωµcdσ
cd
la = e
µ
a [Aµcd −
1
2
eµdA
e
ec +
1
2
eµcA
e
ed]σ
cd , Aµνa = ǫ¯γ5γaDλψρǫνµλρ. (13)
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The first set of constraints, (5), (6) and (7), also called primaries, should be imposed on
the supergravitons. Equations (10), (11) and (12) follow as a consequence of the primaries,
and therefore are called secondaries. As was note in5, primaries as well as secondaries should
be taken into account when the BRST quantization of the system is performed. For example,
both of the sets of constraints determine the partition function in the path integral approach.
Therefore, it is crucial to elucidate the reducibility of this system. To this end we have to
address the question of linear dependency of the two sets of constraints.
Let us begin by discussing the relationships among the primaries. To simplify the ex-
pressions in what follows, let us denote the constraints (5), (6) and (7) by Σnν (T ,Γ) = 0,
Θnab(T ,Γ) = 0 and Φn(T ,Γ) = 0, respectively. Now, if we multiply Θnab at left by ǫ¯γa and
sum over a, and then multiply the result at right by ebρψ
ρ, we come across the first term in
Φn. Thus we can immediately write down a relationship between the second and the third
primary
Φn − ǫ¯γaΘnabψb = ΓnµDµǫ− ǫ¯γaΓnνσabψµψb (14)
Eq. (5) does not express, in general, the linear independency of Θnab and Φ
n. This is true
only if the arbitrary spinor ǫ obeys the following equation
Dµǫ = ǫ¯γaΓnνσabψµψb, (15)
which selects from general local supersymmetry transformations a certain class of trans-
formations of which parameters obey (15). We can also see that there is no other linear
relationship among these constraints based on the second terms in Θnab and Φ
n and therefore
we conclude that these two constraints are not linearly independent.
In a similar manner we can approach the relationship between Σnν and Θ
n
ab. In this case,
we see that Σnν involves the derivatives of the supergraviton, while Θ
n
ab involves only its
components, besides, of course, the T nµa and Γnµα terms which both involve integrals of su-
pergraviton and its derivatives. Therefore, we cannot obtain a linear relationship between
these two constraints. However, we can obtain, after some simple algebra, the following
equation
Σnν − ∂νΘnab = ∂ν(Γnµα (σaa)αβψβµ)− Γnµα ∂νψαµ − ∂νT nµa eaµ. (16)
In the right-hand side of Eq.(16) we have written down explicitely the spinor index in the
first term. This shows us that another relationship based on the identification of the last two
terms, modulo some functions, is not possible.
Because the relationship between Φn and Θnab implies the derivation of the later and
because (14) expresses the relationship between Φn and Θnab, we see that a relationship
between Φn and Σnν would imply the derivatives of Φ
n. A final relationship among all the
constraints and thus between Φn and Σnν too, is also nonlinear and is given by
∂ν ǫ¯γ
aΘnabψ
b + ǫ¯γaΘnab∂νψ
b +
∑
a6=b
ǫ¯γa∂νΘ
n
abψ
b − ∂νΦn +
∑
a
ǫ¯γaσnνψa =
∑
a
(ǫ¯γa∂ν(Γ
nνσaaψµ) + Γ
nµ∂νψµ + ∂νT nµa eaµ)ψa −−∂ν(ΓnµDµǫ− ǫ¯γaΓnνσabψνψb). (17)
Some comments are in order now. As we can see from (14), (16) and (17), the set of
primaries is not linearly independent. However, as we have already noticed, for a particular
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set of local supersymmetries given by the solutions of (15), (14) turn into a linear equation
among the three primaries, where the third one appears with a null coefficient. The functions
multiplying Φn and Θnab are the ones in the left-hand side of (5). This has some important
consequences in the BRST quantization. Indeed, in the partition function of Fadeev-Popov
quantization method, the constraints Σnν (T ,Γ) = 0, Θnab(T ,Γ) = 0 and Φn(T ,Γ) = 0 enter
the exponential of the action through a term of the following form
Sc =
∫
(σνnΣ
n
ν + τ
ab
n Θ
n
ab + φnΦ
n), (18)
where σνn, τ
ab
n and φn associated to the gauge averaging conditions. The corresponding ghosts,
denoted by sνv , t
ab
n and fn enter the exponential through the following action
Sgh =
∫
(sνvδαΣ
n
ν + t
ab
n δαθ
n
ab + fnδαφ
n)cα, (19)
where cα are the ghosts associated to the gauge transformations, generally denoted by δα.
Now, if for certain supersymmetry transformations, i. e. those for which the parameters sat-
isfy (15), the constraints become linearly independent, the theory, irreducible up to now,
becomes a first reducible theory. Thus we obtain an enhancement of the content of ghost-
antighost fields. If we denote the linear constraint by C(Σnν ,Θnab,Φn) = 0 we have the corre-
sponding ghost-antighost structure associated to this equation6.
Another issue is what the relationships among the secondaries are. The secondaries re-
strict the set of eigenspinors and implicitely the possible T nµa ’s and Γnµα ’s, respectively, which
are diagonal matrix elements on eigenspinors. Therefore, taking into account the secondaries,
the number of Σnν ’s, Θ
n
ab’s and Φ
n’s in (18) and (19) should reduce. Thus we can see that
investigating the dependence of secondaries is important even if these constraints are directly
imposed on the covariant phase space.
Let us denote (10), (11) and (12) by C1χn = 0, C2χn = 0 and C3χn = 0, respectively. We
are looking for a linear relationship among all of the secondaries. Now if we consider Ci’s as
some algebraic function of even Grassman parity, we obtain after some simple algebra the
following equations
eρcj
ν
d (b
µ + cµ)f1ρf
d
1ν + (b
ν + cν)jρde
µ
c f2νf
d
2ρ + (b
ν + cν)eρcj
µ
d f3νf3ρf
d
3
= 0 (20)
and
iγcθaa(e
ρ
cj
ν
df1ρf1νf + (b
ν + cν)jρdθ
a
aγ
ceµcωµefσ
eff2νf
d
2ρ +
(bν + cν)eρc(kd + ld)f3νf3ρf
d
3
) + (h− g)f2νf d2ρ = 0 (21)
where f1ρ,f
d
1ν ,f2ν ,f
d
2ρ,f3ν ,f3ρ and f
d
3
are the coefficients of the constraints in the equation that
describes their linear dependency. These coefficients are in number of 32 of them and should
obey the above equations. Because the number of functions exceeds that of equations, the
system is not well determined. However, some particular solutions could be find in principle
by fixing 30 of the functions, let say to some constants. Eqs. (20) and (21) depend on the
gauge transformations. They also include some spinorial objects and thus are not trivial. If
they admit nontrivial solutions then there is a linear relationship among all of the secondaries.
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Now let us take two of the secondaries. A linear combination of C1 and C2 implies that
the following equations hold
eνcg1ν(b
µ + cµ) + (bν + cν)g2νe
µ
c = 0 (22)
and
iγcθaa(e
ν
cg1νf + (b
ν + cν)g2νe
µ
cωµdeσ
de)− (bν + cν)g2ν(g − h) = 0. (23)
Eqs. (22) and (23) must be satisfied by the two unknown spacetime vectorfields g1ν and
γ2ν ,respectively, which are now the coefficients in the linear equation among constraints.
Similarly, if we take C2 and C3, another set of two equations must hold, namely
jνag3νe
µ
c + e
ν
cg
a
4νj
µ
a = 0 (24)
and
jνag3ν(iθ
a
aγ
ceµcωµdeσ
de − g + h) + iθbbγceνcga4ν(ka + la) = 0, (25)
where the unknown spacetime vectorfield is g3ν , while g
a
4ν is a double index unknown quantity.
The final possible linear relationship holds if the following equations hold
jνag
a
5ν(b
µ + cµ) + (bν + cν)ga
6νj
µ
a = 0 (26)
and
jνag
a
5νf + (b
ν + cν)ga
6ν(ka + la) = 0, (27)
where ga
5ν and g
a
6ν are two indices unknown objects.
Let us make some brief comments on the equations (22) - (27). The unknown objects
that must satisfy these equations represent a set of 60 unknown coefficients. In the most
general case, the equations group as shown above. Then for each set of equations we have a
redundant number of variables. To find some particular solutions we can fix some of them
in an arbitrary way. Another fixing procedure is to consider the whole set equations as a
system and then to require that some of the objects entering one of the subsets of equations
be identically with some of the objects entering another subset, e. g. ga
4ν = g
a
5ν . This amounts
to impose the existence of linear relationships among all of the secondaries simultaneously. If
the equations (20)-(27) have nontrivial solutions, the secondaries are not linear independent.
As a consequence, follows the enlarging of the set of the allowed eigenspinors and implicitely
the enlarging of the set of diagonal matrices in (18) and (19), respectively. We should remark
that the equations derived above are not trivial and not easy to be solved in the general
case. This postpone the BRST analysis of the system to some future works. We note that
since local supersymmetry and SO(4) invariance in supergravity coupled to matter normally
require field-depended transformations for consistency, the gauge-fixing must be carried out
in accordance with variations of gravitino and graviton. Their consistency with the global
symmetries of the theory must be explicitely checked.
To conclude, we have analyzed in this letter the dependency of the primaries and sec-
ondaries of the Euclidean supergravity in terms of Dirac eigenvalues. We have shown that
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in general the primaries are not linearly independent and thus the theory is an irreducible
one in the BRST language. However, for some local supersymmetry transformations, it is
possible that the theory become first stage reducible and that the ghost-antighost structure
be enlarged. We have also derived the set of equations (20)-(27) which impose the linear
independency of secondaries. As a consequence of these equations, the set of admissible
eigenspinors is enlarged, too, and that, at its turn, modifies the extended action that enters
the partition function of the system.
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